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Abstract

It is shown that only a fraction of 2= of the graphs on n ver-
tices have an integral spectrum. Although there are several explicit
constructions of such graphs, no upper bound for their number has
been known. Graphs of this type play an important role in quantum
networks supporting the so-called perfect state transfer.
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1 Introduction

We say that a graph is integral if all the eigenvalues of its adjacency matrix
are integers. The notion of integral graphs dates back to F. Harary and
A. J. Schwenk [15]. Furthermore, several explicit constructions of integral
graphs of special types appear in the literature, see [3, 4, 5, 6, 16, 17, 21, 22,
27, 28] and references therein.

It has recently been discovered that integral graphs may be of interest for
designing the network topology of perfect state transfer networks, see [1, 8,
7,12, 14, 20].

However it seems that no nontrivial upper bounds on the total number
of integral graphs with n vertices have been known. It is natural to expect
that this number is negligible compared to the total number of graphs. Here
we obtain an estimate which shows that this is the case, although we be-
lieve our bound is far from being tight and the number of integral graphs is
substantially smaller.

In fact it is easier to work in terms of adjacency matrices. Namely, let
A, be the set of all adjacency matrices of graphs with n vertices. That is,
A, is the set of symmetric 0, 1-matrices A = (a;;);;_, of dimension n with
zeros on the main diagonal,

aij = a; € {0,1},  ay =0, ,j=1,...,n.

Accordingly we denote by I(n) the total number of adjacency matrices
A € A, such that all eigenvalues of A are integer numbers.



We note that despite a recent series of very strong results [2, 9, 23, 24, 25,
26] treating various counting questions for 0, I-matrices, no upper bounds on
I(n) have been known prior to our work, which derives the following result:

Theorem 1. For a sufficiently large n, We have
I(n) < 2n(n71)/27n/400.

Note that the first part of the expression, 2""~1/2 is the number of
graphs on n vertices.

2 Distribution of Eigenvalues

We remark that if A is chosen uniformly at random from .4, then it can be
described as an n-dimensional random symmetric 0, 1-matrix whose entries
for 1 < i < j < n are independent random variables taking values 0 and 1
with probability 1/2 and also a;; = 0 with probability 1 for 1 <i < n.

Thus random matrices from A, fit in the models used by [2, 13] which
provide our main tools.

As A is symmetric its eigenvalues are real and we denote them by A\; >
Ao >0 > A\

We start with the following result on the distribution of eigenvalues of
random matrices, which is due to Z. Fiiredi and J. Komlés [13].

Lemma 2. Let A be chosen uniformly at random from A,. Then for any
c¢ > 1 and for all the eigenvalues \;, i = 2,...,n of A but the largest one A,
with probability at least 1 — n=° we have

—cv/n <\ < cevn, 1=2,...,n,
for large enough values of n.

Furthermore let E; denote the expected value of the i-th largest eigenvalue
A; of A. Then Lemma 2 leads to the following estimate on Fj;.

Corollary 3. Let A be chosen uniformly at random from A,,. Then

for i >1 and large enough values of n.

3



Proof. Notice that if A is an eigenvalue of A, then —n < A < n. Now using
Lemma 2 with ¢ = 3/2, we have that with probability 1 —n=19 X; for ¢ > 1
is at most 3,/n/2 and with probability n~'° it is at most n. Thus

113 1

for large enough values of n. Similarly we have

1 -3 1

which concludes the proof. O

Let M; denote the median of the i-th largest eigenvalue \; of A € A,,.
That is M; is the smallest real such that for at least 0.5#.4,, matrices A € A,
we have \; > M;.

Corollary 4. We have
|M;| < 64/n, i=2,...,n.

Proof. Suppose that M; > 6y/n. Then using Lemma 2 with ¢ = 3/2 we
obtain

E; > 5(6v/n) +% (%?Vﬁ) + %(—n) > 2v/n.

which contradicts Corollary 3. Similarly M; > —6+/n. (W

The following result from [2] is also crucial for what follows.

Lemma 5. Let A be chosen uniformly at random from A,,. Then

Pr [|As — M| > 1] < de /%"
AcAy,

where r = min{s,n — s+ 1}.
From Corollary 4 and Lemma 5 we derive:

Corollary 6. Let A be chosen uniformly at random from A, and X be any
eigenvalue of A but the largest one. Then with probability at least 1 — 8¢~ /32

we have
—7v/n < X < Ty/n.
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Proof. Using Corollary 4 we have
Pr |\ = Pr [\ — < Pr (X — M. :
(B, P> 1l = Py o =6V Vil < Py [ =My > i
Now applying Lemma 5 with ¢ = y/n we have

P> 7] < de /%2,

n

Similarly we have

B < =TVn] < de™/%,

Now assume that P is the probability that all the eigenvalues but the largest
one are between —7,/n and 7/n. Then

P>1- Pr [\ <-TVn] - (Ao >7y/n] >1—8e %

Pr
A€A,

which concludes the proof. O

3 Multiplicities of Eigenvalues

Let M be a square matrix of order n. Then a principal submatrix of order r
of M is a submatrix of M obtained by deleting rows R;,, R;,,...,R;, , and
columns C;,Cy,,...,C; _ where 1 <143 <149 < ... <14,, <n. Notice that
all the principal submatrices of a symmetric matrix are symmetric too.

We recall that if A is an eigenvalue of the matrix M, then its algebraic
multiplicity is its order as a root of the characteristic polynomial of M and
its geometric multiplicity is the rank of the null-space of M — AI. We also
recall that if A is an eigenvalue of a symmetric matrix M, then the algebraic
multiplicity of A is equal to its geometric multiplicity.

The following result, (see, for example, [19, Theorem 5.19] and many other
standard linear algebra books about the principal sub-matrices of symmetric
matrices) is a consequence of the expansion of the coefficients of the char-
acteristic polynomial in terms of minors and the fact that eigenvalues of
symmetric matrices have the same algebraic and geometric multiplicity.

Lemma 7. Let M be a symmetric matriz. Then M s of rank r if and only
iof M has a nonsingular principal submatriz of order r and has no larger
principal submatrix which is nonsingular.



Our next results can be of independent interest.

Lemma 8. Let A\ be an eigenvalue of algebraic multiplicity s of an adjacency
matriz of order n. Then |\ 4+ s < n.

Proof. Let A be an adjacency matrix having A as an eigenvalue of algebraic
multiplicity s. Since A is a symmetric matrix, A is of geometric multiplicity
s meaning that the rank of Ay = A — Al is n — s. Now (the easy part of)
Lemma 7 implies that all the principal submatrices of order n — s+ 1 of A,
are singular. This in turn means that A is an eigenvalue of all the principal
submatrices of order n — s + 1 of A. But all the principal submatrices of
A are adjacency matrices of some graphs, and thus the absolute value of
their eigenvalues is bounded above by their order minus one. Hence |A| <
(n—s+1) —1=n—s. This completes the proof. O

Lemma 9. Let A be a real number. Then the number Ny(n,s) of adjacency
matrices of order n having \ as an eigenvalue of algebraic multiplicity s is
at most

Na(n, s) < <”> on(n—1)/2—s(s=1)/2

S

Proof. Let A be an adjacency matrix having A as an eigenvalue of algebraic
multiplicity s. Since A is a symmetric matrix, A is of geometric multiplicity
s meaning that the rank of Ay = A — A is n — s. Now Lemma 7 implies
that there is a principal submatrix B of order n — s of A which is nonsin-
gular. Suppose that B corresponds to rows R;,, R;,, ..., R;, , and columns
Ci,,Ciy, ..., C; _ of Ay. Notice that CZ = R;;. We claim that the entries
at rows R;,, Ri,,..., R; . and columns C;,, Cy,,...,C; __ of Ay uniquely de-
termines the rest of the entries of A, and hence determine A.

To prove this claim, let C' be the (n—s) x n submatrix of A consisting of
R\, Ri,,...,R;, . and let D be the n x (n—s) submatrix of A, consisting of
Ci,,Ciy,...,C; .. Notice that B is a submatrix of both matrices C' and D.
Since B is a nonsingular matrix of order n —s and C'is an (n —s) X n matrix,
it follows that the columns of B span the columns of C'. This means that
every column of C' is a unique linear combination of columns of B which
in turn means that every column of A, is a unique linear combination of
columns of D. Thus given all the entries of C' and D uniquely determines

the rest of the entries of Ay and hence A. O

In—s



4 Concluding the Proof of Theorem 1

By Corollary 6 the number of matrices which have at least one more eigen-
value other than the largest one either greater than 7y/n or less than —7/n
is at most 8e/3227("=1)/2 and all the eigenvalues but the largest one of the
remaining matrices are bounded by —7/n and 7y/n. This means that a ma-
trix in the latter case having integral spectrum should have one eigenvalue
of algebraic and geometric multiplicity at least

¢ n—1
4+ 1

Thus, using Lemmas 9 and 8 we see that there are at most

> ST Nanes) < (14 +1) (ZL) ()24t 1) /241

—TVR<ALT/n t<s<n—|)|

matrices in this set having an integral spectrum. This completes the proof.
O

5 Remarks and Further Questions

The results of [2, 13] hold for more general sets of matrices than adjacency
matrices. Accordingly, the ideas of this paper can be used to obtain analogues
of our results in more general settings.

Note that by [21, Corollary 7.2] there are at most 27(M=1 integral circulant
graphs on n vertices, where 7(n) is the number of positive integer divisors of
n.

The results of this work appear to be rather weak and a stronger bound
would be of interest. The problem seems somewhat related to the problem of
determining which graphs are determined by their spectra (referred to as DS
graphs in [11]). It is commented there that while the fraction of known non-
DS graphs on n-vertices is much larger than the fraction of known DS graphs,
both fractions (of known graphs of these types) tend to zero as n — oc.
E. van Dam and W. Haemers [11] state:

If we were to bet, it would be for: ‘almost all graphs are DS’.



As the total number of ways of choosing a multiset of n integers in the interval
[—(n—1), (n—1)] is only 2°™ a good upper estimate for the number of graphs
with the same spectrum may provide a tight upper bound for our problem
as well. Similarly, the number of possible integral spectra of r-regular graphs
on n vertices is only n®", showing that a good upper bound for the number
of r-regular integral graphs would follow from an effective upper estimate on
the maximum possible number of cospectral r-regular graphs on n vertices.

Unfortunately this approach does not seem fruitful at the moment, as
it leads to a problem that does not appear to be easier than the original
question.

A lower bound on the number of (isomorphism classes of) integral graphs
with n vertices is at least 22", This follows for n = 2* from the fact that any
Cayley Graph of (Z,)" is integral. Similarly, for n = 4% any Cayley graph of
(Z,)* is integral. Indeed, the eigenvalues of Cayley graphs of abelian groups
are sums of characters of the group (c.f., for example, [18]), showing that in
the first case these are sums of members of {1} and in the second case sums
of members of {41, £i}, which, being real numbers, are necessarily integers.
For general values of n it suffices to take disjoint unions of graphs as above.

In a sense the problem addressed here is part of a much larger problem
of relating eigenvalues of graphs to graph properties, a problem that has
attracted considerable attention in the literature and one that has resisted
significant progress, apart from the extensive work on the relation between
the expansion properties of graphs and the size of their second largest eigen-
value.

Acknowledgements

The authors thank Simone Severini for introducing this question to them.
The authors are also grateful to Kevin Costello, Terry Tao and Van Vu, for
very useful discussions.

This paper was initiated during enjoyable visits of N. A. and I. S. at the
Department of Combinatorics & Optimization of the University of Waterloo
whose hospitality, support and stimulating research atmosphere are gratefully
appreciated.

Research of N. A. was supported USA-Israeli BSF grant, by a grant
from the Israel Science Foundation, and by the Hermann Minkowski Minerva
Center for Geometry at Tel Aviv University, that of I. F. B. by NSERC grant



A 7382, and that of I. S. was supported by ARC grant DP0556431.

References

1]

[10]

[11]

A. Ahmadi, R. Belk, C. Tamon and C. Wendler, ‘On mixing of
continuous-time quantum walks on some circulant graphs’, Quantum
Inform. and Comp. 3 (2003), 611-618.

N. Alon, M. Krivelevich and V. Vu, ‘On the concentration of eigenval-
ues of random symmetric matrices’, Israel Journal of Mathematics 131
(2002), 259-267.

K. Balinska, D. Cvetkovi¢, Z. Radosavljevié, S. Simi¢ and D. Stevanovi¢,
‘A survey on integral graphs’, Univ. Beograd. Publ. FElektrotehn. Fak.
Ser. Mat. 13 (2003), 42-65.

A. E. Brouwer, ‘Small integral trees’, Electron. J. Combin. 15 (2008),
Note 1, 1-8.

A. E. Brouwer and W. H. Haemers, ‘The integral trees with spectral
radius 3’, Lin. Alg. Appl., (to appear).

A. E. Brouwer and J. H. Koolen, ‘A new infinite series of regular uni-
formly geodetic code graphs’, Discrete Math. 120 (1993), 241-247.

M. Christandl, N. Datta, A. Ekert, A. Kay and A. J. Landahl, ‘Perfect
transfer of arbitrary states in quantum spin networks’, Physical Review
A 71 (2005), 032312.

M. Christandl, N. Datta, A. Ekert and A. J. Landahl, ‘Perfect state
transfer in quantum spin networks’, Phys. Rev. Lett. 92, (2004), 187902.

K. Costello, T. Tao and V. Vu, ‘Random symmetric matrices are almost
surely non-singular’, Duke Math. J. 135 (2006), 395-413.

D.M. Cvetkovicé, M. Doob and H. Sachs, Spectra of Graphs, Academic
Press, New York, 1980.

E. van Dam and W. Haemers, ‘Which graphs are determined by their
spectrum?’, Lin. Alg. Appln. 373 (2003), 241-272.



[12]

[13]

[14]

[15]

[16]
[17]
[18]
[19]

[20]

[21]

[22]

[23]

[24]

[25]

C. Facer, J. Twamley and J. D. Cresser, ‘Quantum Cayley networks of
the hypercube’, Physical Review A 77 (2008), 012334.

Z. Firedi and J. Komlés, ‘The eigenvalues of random symmetric matri-
ces’, Combinatorica 1 (1981), 233-241.

C. Godsil, ‘Periodic graphs’, Preprint 2008, (available from
http://arxiv.org/abs/0806.2074).

F. Harary and A. J. Schwenk, ‘Which graphs have integral spectra?’,
Graphs and Combinatorics, Lect. Notes Math., Vol 406, Springer-Verlag,
Berlin, 1974, 45-51.

G. Indulal and A. Vijayakumar, ‘Some new integral graphs’, Appl. Anal.
Discrete Math. 1 (2007), 420-426.

M. Lepovi¢, ‘On integral graphs which belong to the class a /K, , U 8K,
J. Appl. Math. Comput. 20 (2006), 61-74.

L. Lovasz, Combinatorial Problems and FExercises, North Holland, Am-
sterdam, 1979, Problem 11.8.

S. Perlis, Theory of matrices, Dover Publications Inc., New York, 1991.

N. Saxena, S. Severini and I. E. Shparlinski, ‘Parameters of integral
circulant graphs and periodic quantum dynamics’, Int. J. Quant. Inf. 5
(2007), 417-430.

W. So, ‘Integral circulant graphs’, Discrete Math. 306 (2006), 153-158.

D. Stevanovi¢, N. M. M. de Abreu, M. A. A. de Freitas and R. Del-
Vecchio, ‘Walks and regular integral graphs’, Linear Algebra Appl. 423
(2007), 119-135.

T. Tao and V. Vu, ‘On random +1 matrices: Singularity and determi-
nant’, Random Structures and Algorithms 28 (2006), 1-23.

T. Tao and V. Vu, ‘On the singularity probability of random Bernoulli
matrices’, J. Amer. Math. Soc. 20 (2007), 603-628.

T. Tao and V. Vu, ‘On the condition number of a randomly perturbed
matrix’, Proc. 39 ACM Symp on Theory of Computing (STOC) 2007,
248-255.

10



[26] T. Tao and V. Vu, ‘Random matrices: The circular law’, Comm. in
Contemp. Math. 10 (2008), 261-307.

[27] L. Wang and X. Li, ‘Integral trees with diameters 5 and 6’, Discrete
Math. 297 (2005), 128-143.

(28] L. Wang, X. Li and C. Hoede, ‘Two classes of integral regular graphs’,
Ars Combin. 76 (2005), 303-319.

11



