9b6 Lemma. Locally Jordan measurable sets are an algebra of sets (in R™). That is,
0, R™\ A, AN B (and therefore also R™, AU B and A\ B) are locally Jordan measurable
whenever A, B are.

9b8 Lemma. The restriction of v, to the algebra of locally Jordan sets is additive.

9b11l Lemma. A set A C R" is locally Jordan measurable if and only if its boundary
is locally volume zero.

9cl Theorem. (Monotone convergence theorem for volumes) Let X C R™, sets A; C X
be locally Jordan in X, and A; T X, then

vx(Ai) T 0. (X)

9¢3 Lemma. If X; C R", X; | ) and v.(X;) < oo, then v,(X;) | 0 as i — co.

as 1 — 00.

9d12 Theorem. If f,g: R™ — R are integrable then f + ¢ is integrable and

/Rn(f+g):/nf+/ng.

9el Example (Poisson).

oo n/2
/ e dr = /7 e~(Aea) gy = T

— 00 R

9e14 Claim (Cauchy-Schwarz). Suppose f, g € I~/2(U). Then fg € I~/1(U) and | fU fg‘ <
1£12llgll2-

9e15 Claim (Holder). More generally, fg € L;(U) and | [ f9] < IIf1lpllgllq Wwhenever
felrU),ge i), +++=1.

9e16 Claim (Minkowski). If f, g € LP(U) then f+g € LP(U) and ||f+g|l, < [|fllp+l9llp-

9f5 Theorem. Let U,V C R™ be open sets, p : U — V a diffeomorphism, and f: V —
R. Then f is Jordan measurable on V' if and only if f o ¢ is Jordan measurable on U,

and in this case
/f=/(fw)\detD<p|-
v U
for |z| > R,

U(z) / de b
v Bt =& | ZE(BR?—|2?) for [z| < R.

9h7 Theorem. (Monotone convergence theorem for integrals) Let X C R™ be a set,
fi + X — [0,00) functions Jordan measurable on X, f; 1 f, f : X — [0,00). Then

foiT*fo'

9i2 Theorem. (Iterated improper integral for positive functions)
Let functions f; : R"*™ — [0,00) be Jordan measurable, f; * f, f : R"*™ — [0, 00).

Then
St = Lo )

9i7 Corollary. If f: R"™™ — [0, c0) is Jordan measurable then

*/ndx*/mdyf(x,y)Z/RHmf: */mdy*/ndxf(x’y)'

9i8 Corollary. For every open set G C R*t™,
0u(G) = / vu(G) dar

where G, = {y : (z,y) € G} CR™.
9i9 Corollary. For every compact set K C R,

where K, = {y: (z,y) € K} C R™.

L(s) = /OOO t*"le7tdt fors>0; T(s+1)=sl(s); TI'(n)=(n-1); F(%) =/r.

1
B(a,ﬂ)Z/o xa_l(l—x)ﬁ_ldx:m for a, 8> 0.
TR _ 1_sa By 1 I(2H)r(4)
/o sin "t eos” 1040 = 5B(5.5) = 5 r(=52)

22%—1

N

I(2z) = I(x) F(m + 1) .

2
9j12 Proposition. For py,...p, > 0,

_ _ T(p1)...T'(pn)
pi=l g =lqg, L day, = .
/ /xl T P pat 1)

// dw1-~-dx”:1ﬂlflﬂ(nz(al).

The volume of the unit ball in the metric {,, and l5:

onrn (L)

mé v (B2(1)) = n) :

Un (Bp<1)) =



9j13 Exercise.

// <p(x1+~~~+a:n)d:c1...dxn(n_ll)!/olga(s)s"lds.

9k2 Theorem. The following three conditions on a bounded function f: B — R on a
box B C R” are equivalent:

(a) f is integrable;

(b) 7]3 Oscy = 0;

(c) for every € > 0 the set {z € B : Oscy(x) > €} is of volume zero.

11e8 Exercise.

a(xlax)

i<j i<j
i35 ur 9
here z = (21,...,2,) = ['(u1,us) and a(ulu’z) = |92 912 -
c’)ul 0’[1,2

Integral of a k-form over a singular k-box: / w = / w(F(u), (D11, .. -, (Dkf‘)u) du.
r B

11¢3 Proposition. (Stokes’ theorem for k = 1)
Let C be a 1-chain in R"™, and w a 0-form of class C' on R™. Then

/dw:/ w.
c ac

11c5 Lemma. For every f € C°(R"™) there exist f; € C*(R") such that f; — f
uniformly on bounded sets.

11d2 Definition. The exterior derivative of a 1-form w of class C! is a 2-form dw
defined by

(dw)(-s h, k) = Dpw(-, k) — Dyw(-, h).

11d3 Theorem. (Stokes’ theorem for k = 2)
Let C be a 2-chain in R, and w a 1-form of class C' on R™. Then

/dw:/ w.
c ac

hi ki

(w1 Awz)(z, h, k) = wi(z, h)wa(z, k) — wi(x, k)wa(x, h) 5 (dog ANdxj)(x, h k) = hi kj

dldf)=0; d(fw)=df Nh\w+ fdw; d(fdg)=df Ndg.

11e7 Definition. (Equivalent to|11d9) The exterior derivative of a 1-form w of class
C' is a 2-form dw defined by

n

dw=""dfi A da; forw:zn:fidxi.

=1 i=1

11f1 Definition. The pullback of w along ¢ is a k-form p*w defined by

((p*w)(x, h17 .. -ahk) = w((p($>7 (D(p)w(hl)a SR (D(p)w<hk)) '
(11£2) /Fw:/BF*w.
(11£3) /ocw:/ccp*w.

11f4 Lemma. For every O-form f € C'(R") and ¢ € C*(R* — R"),
e (df) = d(e"f)-
11f5 Lemma. For all 1-forms wy,ws on R™ and ¢ € C1(Rf — R"),
@ (w1 Aws) = (¢"w1) A (P w2) -
11f6 Lemma. For every 1-form w of class C! on R™ and ¢ € C?(Rf — R"),
" (dw) = d(¢p"w) .

11g3 Lemma. For every I' € CY(B — R") there exist I'; € C?(B — R") such that
I's—>Tin Cl.

11h1 Corollary.

Cr ~ Cs
for arbitrary 2-chains C7,C5 in R™.

0C, ~ 0Cy

implies

11h2 Proposition. Assume that v,71,72,-- € C*([to,t1] — R™), v are bounded in
C' (that is, sup;, max; |, ()| < 00), and v, — v in C° (that is, max; |y, (t) — v(¢)] = 0

/w—)/w as k — oo
Vi v

for every 1-form w (of class CY) on R™.

-as k — 00). Then

11h3 Remark. The condition that v, are bounded in C' cannot be dropped.

11h4 Remark. Prop. generalizes readily to paths g,y that are only piecewise
continuously differentiable.




w=Y_ fijdr; Ndzj;  w(z, b k)
- [o= [ dntr

w= fidei; w (E(x),h), B(x)=

Lw=/hMW&vU%ﬁ=/%ﬂ%mwﬁ»&-

to to

= det(H(x),h,k), H(z)=

), (D1D)y, (DoT')y,) du. flux through

(z,h) = (f(), f2(z), f3(@)) -

integral along a path;
circulation around a loop

If w=w; Awy then H=FE; X E5. If w=dgthen E=Vg. curl(Vf)=0.

12a2 Exercise. Let w; be a 1-form on R3, wo

(f2,3($)a f31(), f1,2($))'

= dwy, F dual to wy, and H dual to ws.

2 2
divVf=Af, A=DiDy+ DsDy = 872 + a—Q; f harmonic: Af =0.
Ox{  O0x3
f analytic = Re f, Im f harmonic;
1 2m )
(12d4) u harmonic = u(z) = / u(z +re?)db.
27
Green formulas:
(12d5) / Vu = / Au  for all u € C*(R?).
through oT" r

(12d7) / uVov = /(uAv + (Vu, Vo)) for all u € C*(R?) and v € C*(R?),
hrough oT" r

(12d8) / (uVv —ovVu) = /(uAv —vAu) for all u,v € C*(R?).
hrough oT’ T

Then H =curl E,
that iS7 Hl = D2E3 - D3E2 5 D3E1 D1E3 5 H3 = D1E2 — D2E1 .
(12a8) / /curlE
or
w= frdxy + fodry, w(z,h)=det(H(z),h)=(E(x),h),

HZ(f27—f1), E:(fth)

ty
e [ B [NEow).@a, [ m-
along to through v
= Fhidx1+Eydxy, wy =

/ E = / curl £ .
along oI r

= D1H1 + DQHQ =divH (SiIlCG H1

/ H = / div H
through oT" T
id function

v

d ) /,) vector field (E) ‘

the rotation by 7/2 turns H(z) into E(x).

/ Cdet(H(v(1)),7/ () dt

to

If wy = dwq then: wq

(12¢5)

curl F = DlEQ — D2E1 = E2 and HQ = 7E1) .

(12¢8)

O-form <

13a2 Lemma. A 1-form w on R"™ satisfies fv w = 0 for all loops ~ if and only if w = df
for some f € C*.
The same holds over an open subset of R™.

(curl E) dziAdzo, curl E = D1 Ey—DyF;y.

13b6 Lemma. A 1-form w of class C' on G is closed if and only if far w = 0 for all
singular 2-boxes I" in G.

13b9 Proposition. If loops 71,72 in an open set G C R™ are homotopic in G then
W= fw w for all closed 1-forms w on G.

13b14 Corollary. If « is null homotopic in G then f7 w = 0 for all closed 1-forms w on
G.
13b16 Proposition. Every closed 1-form w on a simply connected G is exact.

13b18 Exercise. If « is a closed 1-form and (3 is an exact 1-form then the 2-form a A 3
is exact.

13b19 Proposition. If w is an exact 2-form on a simply connected open set G C R",
then for every loop v in G, f,y a does not depend on the choice of a such that da = w.

13c4 Exercise. For a radial function g : R" 5 x — f(|z|) € R, f € C?[0,00), f(0) =0,

Euclidean duality
e

eterminang dUah'ty j rotation

vector field (H) ‘

curl

d div
= fd d \\17
9-form < w = Jdu Ndrs function

12d1 Exercise. zZw = (z,w) +idet(z,w);
f(z+iy) = ulw,y) +iv(z,y), Re(fdz) =udz—vdy,
f analytic = uy =vy,uy = —v

Im (fdz) =vdx + udy;

» (Cauchy-Riemann); dRe(fdz) =0, dIm(fdz)=0.

divVyg(z) = f"(|z]) + n|7—|1 "(|l) -
Byo) = - [ HPE A s e ) = ol 2 (40) = ol = 2 (t0)
for all z € R3 \ y([to, ¢1]); here Ey(z) = 47r |::\3
det(v4 (s 72 t),71(s) — 12(t))
Lk(v1,72) // FOEENOE dsdt.
1 0E

divE = —,0, divB =0, curl E = —E, curl B = pgj + — 2 exact 2-form:

W = (El dl’l +E2 dl’g +E3 d$3) /\dt-l—Bl dxz /\d.’Eg +Bg diEg /\dxl +Bgd1’1 /\dl’g .




14a4 Definition. The exterior derivative of a 2-form w of class C! is a 3-form dw
defined by

(dw)(:, h1, ha, hs) = Dy w(:, ha, hs) + Dyyw(-, ks, hy) + Dpyw(-, by, ha) .

14a10 Definition. (Equivalent to The exterior derivative of a 2-form w of class
C' is a 3-form dw defined by

dw:deiyj /\difi/\d.’bj fOTUJ:Zfi’]’ dxi/\dxj.
i<j 1<j
14a12 Lemma. For every 2-form w of class C! on R™ and ¢ € C?(RY — R"),
¢ (dw) = d(p*w) .

14a13 Theorem. (Stokes’ theorem for k = 3)
Let C be a 3-chain in R, and w a 2-form of class C' on R™. Then

/dw:/ w
c aC

01 ~ 02 801 ~ (902
for arbitrary 3-chains Cq,Cs in R™. (Similar to 11h1.)

14a14 Corollary.
implies

14al17 Exercise. d(w; Awsz) = (dwi) A wa — wy A dws for 1-forms wy,ws on R™.
14al18 Exercise. (a generalization of the formula for integration by parts)

[

for arbitrary 2-form w (of class C') on R", function f € C*(R™), and 3-chain C' in R™.

w(@, by, ho) = det(H(z), b1, he), H(x) = (f2,3(2), f3,1(2), fr,2(2)),
w= fiodr1 Adxs + fo3drs Adxs + f31dxs Adey;

dw = (leH) dl‘l /\d.ng/\d.’,Eg7 diVH:D1H1+D2H2+D3H3.
id function
\Y
Euclidean duality—% vector field (F) ‘
(14b2) J{curl
determinant duality—% vector field (H) ‘
div
w = fdxy Ndzo N dzs -
function
div(fH)=(Vf,H)+ fdivH; div(F; X E3) = (curl By, E) — (Ey,curl Ea) .
(14b5) / / divH three-dimensional divergence theorem
or

for every vector field H (of class C') on R?® and every singular 3-box I' in R3.

2m
(14b11) / / d9/ do - R?sinf - f(Rsin 6 cos @, Rsin#sin p, Rcosf) .
oo 02 2 o
leVf:Af, A:D1D1+D2D2+D3D3 o 2+8x2+6 27

functions f € C%(R3) such that Af = 0 are called harmonic. 'For harmonic’ u,

1 1
14b1 =— ; =— ).
(14b13) u(0) 47 R? /ageR wi (@) 47 R? /aBR uo+)
The mean value may be taken on the ball rather than the sphere.

14b21 Proposition. Every harmonic function R? — [0, 00) is constant.

14c7 Definition. For a (k — 1)-kform w of class C1,
(dw)(-s by he) = Y (1) ' Dpw(- b,

14c8 Theorem. (Stokes’ theoﬁe:nlz)
Let C be a k-chain in R", and w a (k — 1)-form of class C' on R™. Then
dw = w.
c ac
dw= (divH)dxy N---ANdxy,, divH =D Hy+---

(14¢9) / H:/divH.
or T

A chart: ¥(0) = zo; ¥(G) is an open neighborhood of zy in M; 4 is a homeomorphism
from G to ¥(G); ¥ € CH(G — RY); for every z € G the linear operator (D)), from R"
to RY is one-to-one.

A co-chart: M NU = {z € U : p(x) = 0}; p € CH({U — RNY~"); for every x € U the
linear operator (D), from RN to RV~ is onto.
15b3 Lemma. Existence of a chart (n-chart of M around z() is equivalent to existence
of a co-chart (n-cochart of M around z).

hi717hi+17 B '7h‘k) .

+D,H,;

(15¢2) /(Mp)w:/(aw)w:/Gf; Yo = fdup A ANduy, .
(15d5) W= Jydug A A dun \/det Dith)u, (D))
15d6 = = = o),

(15d6) /( o /( o /( R Ltoni,

16b9 Theorem. f(p(G) de [y, f= [ fIVol; Me={r€G:p(x)=c}

16b15 Theorem. Let G C R™ be a bounded regular open set, M C R™ an (n — 1)-man-
ifold, 0G = M, and orientations O of G and O of M conform (at every point of M).

Then
/ dw = / w
(G,0) (M,0)

for every (n — 1)-form w of class C! on R™.
16b16 Theorem.

/divH:/ (H,7
G M

(the divergence theorem)




